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THE FUNDAMENTAL THEOREM
ON SYMMETRIC POLYNOMIALS

Hamza Elhadi S. Daoub

Abstract. In this work we are going to extend the proof of Newton’s theorem
of symmetric polynomials, by considering any monomial order > on polynomials in n
variables x1,z2,...,x, over a field k, where the original proof is based on the grad-
ed lexicographic order. We will introduce some basic definitions and propositions to
support the extended proof.
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The fundamental theorem of symmetric polynomials is, as its name suggests, a
key result in the subject of root identities. The theorem states that any symmetric
polynomial can be represented in terms of the elementary symmetric polynomi-
als. Newton had made an extensive study of symmetric root polynomials as early
as the mid-1660s, and was very likely aware of the fundamental theorem at that
time. Edwards adds “It must be admitted, however, that neither a careful state-
ment nor a proof of it seems to have been published before the nineteenth century.
Everyone seemed familiar with it and used it without inhibition.” Kline credits
Vandermonde with the first published proof of the fundamental theorem in 1771.
However, it should be noted that Vandermonde’s version of the result was stated
in terms of roots and coefficients of a polynomial. Edwards makes the point that
the fundamental theorem is properly about symmetric polynomials in n variables,
independent of the context of coefficients and roots of a polynomial. Such a for-
mulation sidesteps any philosophical issues concerning the existence or nature of
roots.

DEFINITION 1.1. A polynomial f € k[z1,2a,...,z,] is symmetric if
f(xT(l)?xT(2)7 BRRE) SU-,—(,L)) = f(ajl,IQa cee ,.Tn)
for every possible permutation x,(1), Zr(2), - - -, r(n) of the variables x1, w2, ..., 2,.

DEFINITION 1.2. Given variables x1,xs,...,2,, we define o1,09,...,0, €
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klx1,z2,...,2,] by
o1 =% +T2+ -+ Ty
Or = Z Tr(1)Tr(2) " Tr(r)
T(1)<T(2)< - <7(7)
Op = T1X2 " Tp
And o; is a symmetric polynomial for alli =1,...,n.
DEFINITION 1.3. A monomial ordering on k[z1, Za, . . ., Z,] is any relation > on

Z%,, or equivalently, any relation on the set of monomials z%, a € ZZ satisfying:

1. > is a total ordering on ZZ,,.
ii. If o> pandyeZL, thena+vy>p5+1.

ili. > is well-ordering on ZZ%,. This means that every non-empty subset of ZZ,

has a smallest element under >.

PROPOSITION 1.4. An order relation > on Z% is a well-ordering if and only

if every strictly decreasing sequence in Z%,
a(l) > a2) > a(3) > -

eventually terminates.

DEFINITION 1.5. Let f = ) aqox® be anonzero polynomial in k[, z2, . . .

and let > be a monomial order.
The multidegree of f is multideg(f) = maz(a € Z%; : aq # 0).
The leading coefficient of f is LO(f) = amuitideg(r) € k-
The leading monomial of f is LM (f) = g™uitideg(f),
The leading term of f is LT(f) = LC(f) - LM(f).

PROPOSITION 1.6. For f(x1,2a,...,%,), g(x1,T2,...,2y) € k[T1,22,...

we have

LT(fg) = LT(f)LT(g).

Let > be any monomial order of the variables x1, xa, ..., x, such that
Tr(1) > Tr(2) > > Tr(n)-
According to the Definition 1.3, we notice that

Tr(1)Tr(2) > Tr(1)Tr (i), where i =3,...,n

Tr(1)Tr(2)T7(3) > Tr(1)Tr(2)Tr(i), Wherei=4,....n

umn

7xn]
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and so on. The leading term of ¢; is defined as follows:
LT(01) = z71)
LT (02) = 27(1)%(2)

LT (o) = 27(1)T7(2) ** Tr(n)

Now, suppose that f € k[z1,z2,...,2,] be any nonzero symmetric polyno-
mial, and ¢;z{'z3? - - z%" be a leading term of f. Consider g = 07052+ oggm.

According to Proposition 1.6, the leading term of g is defined as follows:
LT(g) = LT 05" - ")

n

= LT (oY) LT (05?)--- LT (o5™)

n

= (271)) " (27 (1)Z7(2)) ™ - (Tr()Tr2) " Tr ()"
_ i tasttan oot tan G
=) To2) 20!

Therefore, we can find the values of «;, where

LT(f) = LT(cg)  c1afag? ol = cyalifeat Tonglafoon . g0
< Ar(1) =q1+ag+ -+ ay

and ar2) =@z +az+ -+ ay,

and ar () = ap
Thus,

Qp = Qr(n)
Ap—1 = Qr(n—1) = Ar(n)

Ap—2 = Qr(p—-2) — Ar(n-1)

Q2 = Ar(2) — Gr(3)
A1 = Ar(1) — Gr(2)
Then, the map
(al, az, ..., an) = (a'r(l) —A7(2),A7(2) — Ar(3)y -+ Ar(n—1) — Ar(n)> aT(n))

defines the relation between the leading terms of f and g.

THEOREM 1.7. [Newton’s Theorem] Any symmetric polynomial in
klz1,22,...,2,] can be written as a polynomial in o1,09,...,0, with coefficients
in k and this polynomial is unique.

Proof. We will follow the argument above. So let > be any monomial ordering
of the variables x1, o, ..., 2, such that.

Tr(1) > Tr(2) > > Tr(n)
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Let cix7*z5? - - - 2% be a leading term of f, and consider

Ar(1)—0r(2) Ar(2)—ar (3 Ar(n
gzo.l() ()02() ()"'Un()~

Ar(1)—Cr a —a.,(: Ar(n
LT(c1g) = LT(c1o]7M @ glr@=0r@ . gl

= 1(T7 (1) DT (21T (2)) DTV (T (1) Tr(2)  Tr(m)) T
- el
= LT(f)

for any permutation 7. This shows that f and c;g have the same leading term.
Hence f1 = f — c1g has a strictly smaller leading term according to the monomial
ordering, which is defined above. Since f and g are symmetric polynomials, then
so is fi.

Now we repeat this process, starting with f; instead of f, where f; has a
leading term with coefficient ¢y and exponent by < by < --- < b,. As above, there
is a symmetric polynomial g; such that f; and co g1 have the same leading term.
It follows that

o=f—-cp=[Ff—ag—cn
has a strictly smaller leading term. Continuing in this way, we get polynomials:

fifi=f—cg fo=f—cg—cog,fz3=Ff—cig—cog1 —c3g1,.-.

where at each stage the leading term gets smaller according to the ordering mono-
mial. This process will terminate when we find some m with f,, = 0; if not, then
the above would give an infinite sequence of nonzero polynomials with strictly de-
creasing leading term, which contradicts Proposition 1.4. Hence, this process must
terminate.

Once we have f,, = 0 for some m, we obtain
f=ag+cg+ - +cngm

where each g; is a product of the o; to various powers, which proves that f is a
polynomial in the elementary symmetric polynomials.

To prove the uniqueness, suppose that k[y1,ys,...,yn] be a polynomial ring
with new variables y1,ys, ..., y,. Since the evaluation map which sends y; to o; €
klx1,xa,...,x,] defines a ring homomorphism

@ k[ylay2a"'ayn] - ]f[l’l,l‘Q,...,xn]
Then7 lfg :g(yl,y27--~7yn) € k[y15y27"'7yn] , We get
90(9) = 9(017027' x 7Un)

Recall that the set of all polynomials in the o; with coefficient in k is a subring of
klx1,2,...,x,], SO we can write ¢ as a map

@ k[y17y27"'ayn] - k[al,(f?a"'ao—n]

where k[o1,09,...,0,] is the set of all polynomials in ¢; with coefficients in k.
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The last map is onto by the definition. To prove the uniqueness we need to
prove that ¢ is one to one. It is sufficient to show that kery = 0, which means for

any nonzero polynomial g in y;, then g(o1,09,...,0,) #0.

Let cu?lug"' ---ubr be any nonzero term in g. Applying ¢ gives g =
obob? .. .oln. As we mentioned before the theorem, the leading term of g =
o7tog? o0 is

bi+ba+- by bate+bn by
T 1y T 2) T Er(ny
Since ¢ is the sum of its terms, so the corresponding polynomial ¢(g) is sum of
ca’b]‘o'b2 .. .O’b’VL
1 ¥2 n °

The crucial fact is that the map
(br1)s br2)s -y brn)) = (b1 + b2+ -+ by b+ + by, oo, by)
is one to one, so the leading terms cannot all cancel, and ¢(g) cannot be the zero-
polynomial. Hence the uniqueness follows. m
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