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A POWER SERIES APPROACH TO AN INEQUALITY
AND ITS GENERALIZATIONS
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Abstract. In this paper, we present and prove an inequality and its several
generalizations by using power series and Muirhead inequality.
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Power series provide a very useful tool for proving several inequalities. Thus,
many difficult problems can be easily solved and often even extended. For example,
C. Mortici in [3] and M. Jeong in [1], proved Nesbith’s inequality using power series
and modified it to obtain several other inequalities.

In this paper, we present and prove an olympiad-type inequality and several
of its modifications by using power series and Muirhead inequality.

PROBLEM (19th Moscow Mathematical Olympiad). If a,b € R and |a| < 1,
|b| < 1, then
1 1 2

> .
1—a2+1—b2/1—ab

Proof. By using power series, since |a| < 1, |b] < 1, we can write

1 > 1 > 1 >
1 _ 2\k _ 2\k _ k.
O i VLA e DU e R DI

Thus, it is enough to prove that
RS DL I
k=0 k=0 k=0

(oo}
that is, > (a®* + b?* — 2a*Fb*) > 0. Hence, we need just to prove that
k=0

oo

Z(ak - bk)2 = Oa

k=0

which is obvious. The proof is complete. m
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In order to prove several generalizations of the previous inequality, we first
recall the following well-known notions and assertion (see, e.g., [2]).

DEFINITION 1. Let a = (a1, a2,...,a,), b = (b1, b, ..., b,) be two arrays from
R™. We say that a majorizes b (denoted as a > b) if: (1) a1 > a2 > -+ > a, and
by =by = 2by; (2)artag+---+ap = by +bot-- by forallk, 1 <k <n—1;
3)ar+as+--+a,=0b+by+ -+ by.

DEFINITION 2. Let a = (aj,as,...,a,) be an array of nonnegative real num-
bers and z = (x1,x2,...,z,) € R™. Denote
a a
Tlai,a2,...,a,)(x1,22,... Ty E x11x22~~

where Z! is the sum of n! summands, taken over all possible permutations of the
sequence x = (x;)" ;. We shall write just T[a1,aq,...,a,] if it is clear which
sequence zx is used.

THEOREM. [Muirhead inequality] The expression T'[a] is comparable with the
expression T[b] for all positive sequences x, if and only if one of the sequences a
and b majorizes the other one in the sense of relation <. If a < b then T[a] < T[b).
The equality holds if and only if the sequences a and b are identical, or all the x;’s
are equal.

In other words, if @1, 23,...,z, are positive reals, and a = (a;)?_; majorizes
b= (b;)_,, then we have the inequality

al ,,a bl b2
g xl xQ g xle

sym sym
For example, since (5,0,0) > (3,1,1) = (2,2, 1), we obtain
a® +a®+ b8+ ++ > a’be+ adbe + b3ea + biea + ab + Cab
> a?b’c + a?b’c + b2cPa + b2Pa + 2a’b + 2a’b.

From this we derive a® + b° + ¢ > a®bc + b2ca + c®ab > abc(ab + be + ca).

Notice that Muirhead 1nequahty is symmetric, not cyclic. For example, even
though (3,0,0) > (2,1,0), it gives only

2(a® +b* 4 ) > a*b + a’c + b2 c + b2a + c*a + 2D,
and in particular this does not imply a® + b + ¢ > a?b + b%c + c2a.
PROPOSITION 1. Let a; € R and |a;| < 1,1 =1,2,...,n, and let apy1 = ay.

Then
1— Q/Zl—az

i=1 @

n

az-i—l
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Proof.
1 1 n 1
1—a? 1-—ad3 1—a2
=Y @)+ @)+ + D (@)
k=0 k=0 k=0
1 1/ 1/
= > (a3 + an)> +5 <Z(a§k + a§’“)> +et s (Z(afﬁ + a%’“))
k=0 k=0 k=0
22a’fa§+2a§a§+ —l—ZafLalf
k=0 k=0 k=0
o 1 1
T 1—aja2 11— asas 1—apar

The proof is complete. m

PROPOSITION 2. Ifa,b € (0,1) and n € N, then

a™ n b" >a”+b”
1—a2 1—-527 1—ab’

Proof. By using power series, we can write the relations (1). Thus, we need to
prove

a” i a® + " i bk > (a" + ") i(ab)k,
k=0 k=0 k=0

ie., > (amt2k ppnt2k _gntkpk _ gkpntky > 0. This follows from (a* — b%)(a™tF —
k=0
b"*+*) > 0 for each k, which is obvious. The proof is complete. m

GENERALIZATION. If a; € (0,1),i=1,2,...,n, then

n
n
n n > a;
1—a? =

. L :
i=1 i 1- 11 a;

Proof. Similarly as in Proposition 2, we have just to prove that
QR > e al(af +af 4o+ )
= a?+ka§...aﬁ+a1{;ag+k...aﬁ+...+alfa§...az+k.
Since (n + nk,0,...,0) = (n+ k, k, ..., k), using Muirhead inequality we have that
—— ——
k—1 k—1
(n _ 1)! (avll-i-nk + a;z-&-nk 4t az—o—nk) >
(0= 1)1 (0 a5 o+ gt a4 abab ),

which completes the proof. m
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PROPOSITION 3. Ifa,be (0,1), m,n € N, n > m, then
+ >
1—a?™  1-02" 7 1— (ab)™

Proof is similar as for Proposition 2. m

GENERALIZATION. Ifa; € (0,1),i=1,2,...,n, m € N, n > m, then

n
n n Za"

i

Z o) S i=1
1 — gmn = n m

i=1 i 1— (IT @)

=1

—~

Proof is similar as for Generalization of Proposition 2. m
PROPOSITION 4. Ifa,b € (0,1), n €N, then
n n n T
a 4 b > a+b -
Vi—a2 V1—a2 V1—ab

Proof. By squaring both sides, we obtain the equivalent inequality

(2) a2n N an N 2a™b" a2n + b2n + 2a™bh"
1—a?  1-02 V1—aZvV1-02 1—ab
2n b2n 2n b2n
By Proposition 2 we know that a4 + > ¢ + . Furthermore, we

1—a2 1-027 1—ab
have

1 1 1 1
- > = )
VIi—a?2V1-0>  /1+a2?— (a2 +b%) V1+a??—2ab 1—ab

The previous two inequalities imply that (2) holds. The proof is complete. m

a b a+b
P . Ifa,b 1), th > .
ROPOSITION 5. Ifa,b € (0,1), then T + —2 > 1—ab

Proof. By using power series, we can write

oo

1_a’b2 —aZka—l—bZa% Z b%—l—a%b).
k=0
and -
1a+b @ +b) Zakbk Z (@HLBF 4 aFph .
k=0

Thus, we just need to prove that ab% + a%*b > a*t1o* 4+ ¢*b*t!. But this follows
from ab®* +a?*b— aF 1% — ok = ab(aF —bF)(aF =1 —b*~1) > 0. This completes
the proof. m
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GENERALIZATION. If a; € (0,1),i=1,2,...,n, ant1 = ay, then
n
n Z a;
Z a; i=1
> .
1—a? n
i=1 R e [ 5
i=1

Proof is similar to that for Generalization of Proposition 2. m
a2n b2n a2n + b2n

PROPOSITION 6. Ifa,b € (0,1) and n € N, then T + 2> 1-ab

Proof is similar to that of Proposition 5. m

a b a+b
\/1—b Vi—a \/1,

Proof. By squaring both sides, we obtain the equivalent inequality

PROPOSITION 7. Ifa,b € (0,1), then

) a? . b? . 2ab a® + b% + 2ab
1-b l1-a V1I—-avVi—-b_  1—+ab

Firstly, we will prove that

2 bQ 2 b2
(5) a " > a® + .
1-b 1—a” 1—+Vab

By using power series, we can write

2

1a_b 7—a22bk+b2za Z (a2b* + b2a").

k=0

Without loss of generality, assume that a > b > 0. Then we have b*/2 — a*/2 < 0,

a?bh/? < b2 k/2 and hence (a?b*/2 — b2a¥/2)(b*/? — a¥/?) > 0, wherefrom a?b* +
Bk

2+ k& 245
b2k > a 2b2 +b . It follows that
2 o0 Lk E k k o0 2 2
a 2 2 +2 2 2 a”+b
a +b%) =,
Furthermore, we have
2ab 2ab 2ab 2ab

©) JI—avi-b V1+ab—(a+0) \/1+ab 2v/ab T Vi—ab

Adding up relations (5) and (6), we obtain inequality (4). The proof is complete. m
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a n b S a+b
Vi—2 Ji—-a2 JV1i—ab

Proof. By squaring both sides, we obtain the equivalent inequality

PROPOSITION 8. Ifa,b € (0,1), then

) a? N b2 N 2ab a? + b% + 2ab
1-02  1—-a2 V1—aZv1-082 1—ab

Firstly, we will prove that

a2 b2 a? + b?
+ P> .
1-52 1—a2 1—ab

(8)

By using power series, we can write

2 oo

1ib2 - 2Zb2k+bzza2k Z 2b2k+b2a2k)_

k=0
Without loss of generality, assume that a > b > 0. Then we have b* — a* < 0,

a?b* < b%a* and hence (a?b* — b?a®)(bF — a¥) > 0, wherefrom a?b?* + b%a?* >
a?tkpk 4 p2+Tkgk Tt follows that

a2 b2 > e a2 + b2
2 2+kbk b2+k k b2 — )
e "1 Zﬁ (a T (a® + szo 1—ab

Furthermore, we have

2ab 2ab 2ab 2ab

9 = > = )
©) V1—a2y/1-—0p2 \/1+a2b27(a2+b2) V1+a202 —2ab 1—ab

Adding up relations (8) and (9), we obtain inequality (7). The proof is complete. m

PROPOSITION 9. If a,b,c € (0,1) then

a b c at+b+ec
> .
17a3+lfb3+1—c3 1 — abc

Proof. By using power series, we can write

a b c 3k S o 3k
1_a3+1_b3+1_63—a’;a —|—bk§_:ob —i—ckz_oc

o0

(a3k+1 +b3k+1 +C3k+1).

i
(=)

and

oo

a+b+c &
m—(@‘i‘b"'c)kzo(abC) =

(akJrlbkc’c + afpFtick + akbkckﬂ).

NE

>
Il
=)
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Thus, we just need to prove
(10) @R Rl SR (R lpk ok kel gk ke

for k € NU{0}. Since (3k 4+ 1,0,0) > (k + 1,k, k), by using Muirhead inequality,
we have that

@Rl g3kl 4 3kl | 3kl 4 (BkH1 L k41
> ab bk ek 4 qFrIpkek 4 gRphtlok 4 gkphtloh 4 gy okl 4 gkpk okl
wherefrom the inequality (10) follows. This completes the proof. m

GENERALIZATION. Ifa; € (0,1),i=1,2,...,n, then

n
a
- a; S i;
Zl—a”/ n '
i=1 i 1-11 a

Proof is similar as for Generalization of Proposition 2. m

ad b3 (a + b)ab
P 10. [ 1 > .
ROPOSITION 10. If a,b € (0,1) then A=) + =02~ (1= ab)?
Proof. By using Y ka* = ﬁ, x € (0,1), we can write
k=1 -
a? b3 a? b2
= b-
G-y " a-pp “h-er - R
i 2k + bi kb2k Z k 2k+1 b2k+1)
k=1 k=1 k=1
> k(" dFOPT) = (a4 0) Y k(ab)*
k=1 k=1
_ (a+b)ab
- (1 —ab)?

(we have used Muirhead inequality with (2k + 1,0) > (k + 1,k)). The proof is
completed. m

GENERALIZATION. Ifa; € (0,1),i=1,2,...,n, then

Proof is similar as for generalization of Proposition 2. m
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