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LIMITS OF SEQUENCES AND FUNCTIONS
FROM CERTAIN CLASSES
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Abstract. We present some general methods to calculate limits of functions and
sequences belonging to certain classes.
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1. Main results

In many cases, calculating limits of functions or sequences is quite difficult.
Therefore the knowledge of additional properties of functions or sequences can lead
us to easier determination of these limits.

Throughout the paper we denote R% = (0, +00), Ry = [0, +00).

DEFINITION 1. A function f: R} — R is called a B-function if there exists
r € R4 such that

lim 7‘]6(33 +1)

1/z
T
T () =a € R} and there exists lim w

T—+00 x

DEFINITION 2. A positive real sequence (ay),>1 is called a B-sequence if there
exists r € R4 such that

. Ap41 * . . (an)l/n
lim —=— =a € R} and there exists lim ———.
n—oo n7"+1an n—oo n

DEFINITION 3. A function g: R} — R7 is called a G-function if there exists
s € Ry such that

lim glx+1) —g(x)

T—+00 xs

T
=be R} and there exists lim Q
xr—+00 5(;5+1

DEFINITION 4. A positive real sequence (b, )n>1 is called a G-sequence if there
exists s € Ry such that

bpt1 — by, . . by
lim =L " _pe Ri and there exists lim -

nSoo n—oo pstL
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ExampLe 1. If I': R} — R% is the gamma function, then f: R} — R%
defined as f(z) = T'(z 4+ 1) is a B-function.

Indeed,
by @D o T@+2) . @ DRl x+1:17
z—too  zf(z) g—too xT(x+1) a—+too al(rx+1) z—+too
sor=0and a =1, and
()" (P + 1) (P +1)"" /nl
lim ~—~—= lim ~—— lim ~—~— = lim —
r——+00 xr xr——+00 €T Noan—oo n n—oo N
| | n n
= lim nl:limu-n—:hm< " ) :1.
n—oo nmn n— oo (n + 1)n+1 n! n—oo\n + 1 (&

EXAMPLE 2. The function h : R% — R%, h(z) = 2" is a B-function.

Indeed,
h 1 1)z +2 1 z+2
lim (z+ ) _ lim u: lim (m—i— ) =e, sor=0,a=e,
r——400 xh(m) r——4oo - qpTtl z+ o0 T
r+1
1/x _
h T
z—+00 T z—+4o00 z—+400

EXAMPLE 3. The sequence (an)n>1, an = (2n — 1)!! is a B-sequence.

Indeed,
n . 2 H! .2 1
lim 224 — g M:hm nt =2, s0r=0,a=2,
n—oo Ny, n—oon-(2n— 1 n-occ n
1/n n n
hm%:hmivanzhmnaizhm&.nf
n—oo n n—oo N n—oo nm n—oo (n —+ 1)n+1 Ap
. (@2n4+ DN n'" . 2n+1/ n \» 2
= lim . = lim 7( ) = —.
n—oo (n—‘rl)"‘H (Qn—l)!! n—oo n+1 \n+1 e

(Here, the equality of Cauchy and D’Alembert limits was used.)
EXAMPLE 4. The function g: R% — R%, g(z) = #* is a G-function.

Indeed,
1) — 1)2 — 22 2z + 1
i @D 9@ oy @R D et 2l
x—-+00 x T — 00 x r——00 x
sos=1andb=2,
g(z) =

lim = lim —
z—+oo STl z—+oo 2

EXAMPLE 5. The sequence (by,)n>1, by = nstl se R?% is a G-sequence
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Indeed,
mn@igjhzlmlm+1ﬁ“—n”1:s+l
n—oo ns n— o0 ns ’
n—oo nSt1 n— 00 (n + 1)s+1 —pstl
. bn+1 - bn . n® 1
= s = 1) — =1.
n11—>120 ns nh—{%o (n+ 1)5t1 — s+l (s+1) s 1

(Here, Stolz Theorem was used.)

In what follows, we present some properties of the classes of functions and
sequences defined above.

1. If f: R} — R% is a B-function, and r and a are as in Definition 1, then

1/x
lim (f(x)) =
Z—>+o00 xr+1 er+1'
Indeed,
1/z 1/n
lim M: lim M: Iim « f(n)
r—-+o00 xr+l Non—oo nr+l n—oo nn(rJFl)

_ i ( fn+1) n’”(’"+1))

~ e\ (n + DEFDEFD T f ()

f(n + 1) . ( n )(n-i-l)(’r-‘rl) _ a
n+1 ertl’

= 1.
nvse 0+ f ()

2. If f: R} — R is a B-function, and r and a are as in Definition 1, then

lim (f(a: + 1))1/(“1) =1 and lim <(f(x + 1))1/(m+1)>$ s
Indeed,
1/(z+1) 1/(z+1) ” -
lim (f(x . 1))1/1: = Jim (f(x - 1i)r+1 = +11/z . (m ; 1) "
TR (@) e et (/) g
r+1
:efi-l'ea =1,
and
lim (f(x + 1))1/(I+1) x = lim flz+1) . 1
T—+00 (f(fv))l/m T a5t flx) (f(:b‘ + 1))1/(904‘1)

flz+1) (z+ 1)

. T r+1
o2 @) (a1 7 )

er+1

'1:€T+1

= Qq -
a
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3. If (an)n>1 is a B-sequence and r and a are as in Definition 2, then

. VG a . /g1 \ "
lim Y= = and lim (H) =L,

n—oo n"'"rl - e'r“rl n—oo n/an
Indeed,
. \n/ a . Q. . Qa nn(r""l)
lim = lim ?/—2— = lim ntl .
n—oo nIT1 n— 00 pn(r+1) n— 00 (n + 1)(n+1)(r+1) an
. Gnt1 n O\ @+)(r+1) a
= lim ———— ( ) = —)
n—00 Ay, .prtl n—+1 er+1

and

1
~ i Ot (DT ( - )TH
n—oo Gy, - Tt ntl/a, n+1
r+1
—aq. S 1=¢t!
a

4. If g: R} — R is a G-function, and s and b are as in Definition 3, then

b 1 1)\=
lim 9(z) = , lim M =1 and lim (M) =5t
——+00 x3+1 S+ 1 r—+00 g(.]j) r—+00 g(aj)
Indeed,
g gm) L gnt 1) —g(n)
xEI—sr-loo zstl Nalvlbrgoo nstl "h—>n<1° (n+1)s+t —nstt
g SN gl b
n—oo ns (7’L + 1)S+1 — 7’LS+1 S —|— 1’
. glz+1) gz +1) a5t x4 1y\s+l b s+1
lim =—=——~ = lim . ( ) = . -1=1,
as—too  g(x) z—+oo (x 4+ 1)t g(x) x s+1 b
and then
g(x) g(z+1)—g(z) %
1)\= 1) — g(z+1)—g(x) z® glx
lim (g(x + )) ~ lim (1 ICRS)) g(x))
z— 400 g(z) z— 400 g(x)
s+l
= eb b= st

5. If (by)n>1 is a G-sequence and s and b are as in Definition 4, then

b b b . bnt1\" <11
lim =1 and hm(b ) =e’ .

m —— = —:
n—oo ns+1 S + 17 n— oo bn n—oo n
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Indeed,
. bn . bn+1 - bn . bn+1 - bn n® b
1 == ]. —_— = 1 . frng
nl_)H;O nstl nLIIOlO (n + 1)5—0—1 —ns nLHgo ns (n + 1)s+1 _ pstl s+ 17
i brt1 y b1 nstt (n + 1)8+1 b s+1 L1
11m = 1m . . . . —
n—oo b, n—o00 (n + 1)5+1 by, n s+1 b ’
and then

bptr1—bn nstt

bn ne b o s+l
lim (bz“)n ~ lim ((1 + 717"*2_ b”) b"“b") _E — e,

THEOREM 1. Let m,p € Ry and f,g: R} — R% be a B-function and a G-

function, respectively, where a,r and b, s are as in Definitions 1 and 3, respectively.
Then

lim <<f (x+ 1) (gl +1))" <f<x>)?<g<a:)>‘”) _ aw

T—+00 T+ 1)m'r+ps+m+p—1 xmr+ps+m+p—1 (8 + l)pem(r‘f‘l) .

Proof. For x € R% , we denote
(1) m m
- U071ty

($ )mr+ps+m+p71 mmr+ps+m+p71

@) @) o G@) @) ) 1

s mpT P s o P
UL
- (U (S o
whore u(z) = (24 ”)fl ) (Y ()™ e

(f(x))

-1
lim w(z)=1-1-1=1 implies that lim ulw) — 1 =1 and
5t oo z—+oo Inu(x)

lim (u(x)) *

Tr——400

. (f(x+1))ri1 e (x4 1)\pz x N\ (mrtpstm4p—1)z
IETOO(W) P (%) tim_(45)

— e’m(7‘+1) . ep(s+1) . e—(’rn7‘+ps+m+p—1) —e.

Tr——+00 r—+00
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Hence, we obtain from (1) that

. a™bP abP
.LEI-‘}:IOOB(:E) T em(r+1) . 1)y -1-lne= (i) 6T 1)p.

THEOREM 2. Let m,p € Ry and f,g: R} — R% be a B-function and a G-
function, respectively, where a,r and b, s are as in Definitions 1 and 3, respectively.
Then

i < (z + 1)mz»s+m+p+1 xm”pzm“’“ ) _ (s + 1)7:;:(%1)
TN+ 1) T (9@ + 1) (f@) * (9()" ¢
Proof. For x € R*_ | we denote
) +ps+m+p+1 +ps+mtp+1
Gl =
(fl@+D)=* 1 (g9(z+1))"  (f(2) = (9(=))
xmr+ps+m+p+1 xmr+p8+m+p+1 v(fv) -1
= ™ » viz) —1) = o r Inov(z) Inv(e)
(f(@) = (9(=)) (f(@) = (9(=))
= TPty viz) -1 -In (v(x))”
(@) * (g(a))” )
_ xr—i—l m xs—i—l p.”U(I)—l 1 (olx "
- ((f(:o)”f) Gm) gy @)
ot Lymrmsimiott ( (f@)F \"( gla) o
where v(x) = . Then
( x ) <(f(g;_|_1)xil> (g(z+1))
mgrfoov(x) =1-1-1=1 implies that IEIJIFIOO Ul(rfq)J(x)l = 1 and hence
Jim (v(@)”

= lim

T (mr+ps+m+p+1)x T m _m_ T z\ P
i () () v 0 ()

— emr+ps+m+p+1 %

1
. x) -zt m f(SC 1) z+I\ ™ T m(r+1) T 2\ P
() (S ) ™ ()
— emrtpstmiptl i . a™ 1

am  em(r+l) T ep(s+1) =

Then, from (2), we deduce that

€.

m(r+1) p ppem(r+1)
lim G(x):e (s+1) :(s—i—l)e Ca

z——+00 a™ br ambp
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In a similar way, the following two results can be proved.

THEOREM 3. Let m,p € Ry and f,g: R} — R% be a B-function and a G-

function, respectively, where a,r and b, s are as in Definitions 1 and 3, respectively.
Then

lim (W(m 4 1)pstpomromtl (f(@))

m
T

. xps-i—p—mr—m-i—l)
a=teo\ (g(x +1))" 9())"
a™(s+1)P

= pp em(r+1) °

THEOREM 4. Let m,p € Ry and f,g: R} — R% be a B-function and a G-
function, respectively, where a,r and b, s are as in Definitions 1 and 3, respectively.
Then

lim (W(x 4 1)mr+mfpsfp+1 . (QL)); ,xmr+mpss+1)
TN (fa ) (f@)
bP em(r+1)
= T

2. Applications

The following applications are particular cases of limits calculated above; they
can also be used to compute other limits of functions and sequences of this type.

Al. If f: RYL — RYL, f(z) = T'(x + 1), then by Example 1, we deduce that
f is a B-function with ¢ = 1, r = 0. If g: R} — R is a G-function, then by
Theorem 1,

3)

(l‘ + 1)mr+ps+m+p—1 xmr-i—ps-ﬁ-m-i—p—l

lim ((f (2 4+1) 7 (g +1))" (f<x>)?<g<x>>”>

m
T

. <<r<x+z>>w”+“<g<z+1>>"_<r<x+1>> by v
B  (

(@ + Lypstmip—1 pstmtp—T s+ Lypem”

If we take p = 0, then by (3) we deduce

83

1
(x4 1)m-1 zm—l ) T em’
If we take m = 1, then by (4) we obtain

@ i ((F(x+2))fﬂ$1 (T(z +1))

Tr——+00

lim (I +2)) T (D(z + 1))

Tr——+00

8|~

-
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If we take = n € N\ {1}, then I'(z + 1) = I'(n + 1) = n!, hence

) (g +1)" Yl (g(n»”) _
(s+

(5) nh—{r;o( (TL + 1)Ps+m+p—1 npstmtp—1 1)p6m .

If we take p = 0 and m = 1, then (5) yields that

lim (("R/(n+1)! - W) = é,

n—oo

i.e., we obtain the limit of T. Lalescu’s sequence (Problem 579 from Romanian
Mathematical Gazette, Vol. VI (1900-1901)).

A2. f:R% — RY, f(z) = 2%, then by Example 2, we deduce that f is a
B-function with a = e, r = 0. If g: R} — R% is a G-function, then by Theorem 1,

(6)

m(z+2) m(z+1)
by (@D T (g4 ))" @ T (g(@)” P b
im - = = .
T—400 (x 4 1)pstmtpr—1 gpstm+p—1 (s + 1)pem (s+ 1)

If we take p = 0, then by (6) we deduce

m(z+2) mz+1)
i (z+1) =+ z ° . e 1
_ _ m. _

If we take m = 1, then by (7) we infer that
R B 1 1
8) lim ((x-i—l) g T) ~ lim ((x+1)(x+1)z+1 —x~xm) ~1.

r——+0o0 r——+0o0

If we take © = n € N\ {1}, then by (8) we obtain

lim ((n+1)"Vn+1-ni/n) =1,

n—oo

i.e., the limit of R.T. Ianculescu’s sequence (Problem 2042 from Romanian Math-
ematical Gazette, Vol. XIX (1913-1914)).

A3. f: Ry — R, f(z) =(z+1), then by Example 1, we deduce that f is a
B-function with a = 1, r = 0. If g: R} — R is a G-function, then by Theorem 2,

(x + 1)p5+m+z)+1 ppstm+p+1 (S + 1)pem
(9 h{? ( m_ - m ) = P :
(T(z+2)e+ (g(z+1))" (T(=z+1)= (g(z))”
If we take p = 0, then by (9) we deduce that

) (x + 1)m+1 xm-&-l
(10) lim — — = | =e™.
'”*+°°<(r(x+2))m+1 (D(x + 1))1)
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If we take m = 1 in (10), we get that

. x+1)? 22
(F(x—|—2)) z+1 (F(x—k 1))75

If we take x = n € N\ {1}, then I'(z+1) =T'(n+ 1) = nl, hence, by (11) we obtain
) ( (n+1)2 n? )

lim — - =e,

n—oo\ "R/(n+ 1) nl

i.e., the limit of Batinetu-Giurgiu’s sequence (Problem C:890 from Romanian Math-
ematical Gazette, Vol. XCIV (1989)).

REMARK. For certain values of the numbers m,p,r, s € Ry and for particu-
lar functions f, g, using Theorems 1-4, the reader can get the limits from many
problems published in various mathematical journals — see for example the list of
problems from reference [1].
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