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1. Introduction

Three classical inequalities are proved in this article. They can be used in prov-
ing several other inequalities, particularly those appearing as problems in math-
ematical competitions, including International Mathematical Olympiads. Some
problems of this kind are given as examples.

The article is adapted according to our book [7], intended for preparation
of students for mathematical competitions. Its (shortened) Serbian version was
published in Nastava matematike, L, 4 (2005), 22-31.

We start by recalling some well-known notions which will be used in the sequel.

A function f: (a,b) — R is said to be convez if for each two points x1,z2 €
(a,b) and each two nonnegative real numbers A1, Ay satisfying A; + A2 = 1, the
following inequality is valid

f()\lxl + )\2.%‘2) < /\1f(.’IJ1) + /\Qf(.’L‘Q)

The function f is concave if the function — f is convex, i.e., if the opposite inequality

Fqz + Aaza) = A f(x1) + Aaf(z2).

always holds. If, in the previous inequalities (assuming x1 # x2), the equality takes
place only in the case when A\; = 0 or A2 = 0, then the function f is said to be
strictly convez (resp. strictly concave).

It can be easily checked that the function f: (a,b) — R is convex (strictly
convex) if and only if the inequality

(1) f@) = flar) _ flw2) = f(2)

~
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(resp. @) = @) < fl@a) - f(x)) holds for arbitrary points x1, x2, « from (a, b),
xr — T Xro — I
such that 1 < x < 2, An analogous criterion is valid for concave (strictly

concave) functions.
Let f: (a,b) - R and z,y € (a,b). The quotient

fly) = f(=)
y—x

Ag(z,y) =

is called the divided difference of the function f at the points x,y. It is clear that
the divided difference is a symmetric function in z,y, i.e., Ay(z,y) = As(y, x).

LEMMA 1. A function f: (a,b) — R is convex (strictly convex) if and only if
its divided difference A¢(z,y) is increasing (strictly increasing) in both variables.
An analogous assertion is valid for concave (strictly concave) functions.

Proof. Let the function f be convex and let x1,z2 € (a,b) so that 1 < xa.
Choose an arbitrary x € (a, b) such that, for instance, 1 < x < xo (for other values
x € (a,b) the proof is similar). Applying the previous assertion, the convexity of
the function f implies that the inequality (1) is valid. In other words,

(2) Af(xhx):Af(xazl) gAf(ZL'Q,I),
which means that the function Ay is increasing in its first argument. As far as it

is symmetric, it is increasing in its second argument, as well.

Conversely, if Ay is increasing in both arguments, then for z; < z < x5 the
inequality (2) holds, which implies (1), and so the function f is convex on (a,b). m

2. Majorization relation for finite sequences
and Karamata’s inequality

Let us introduce a majorization relation for finite sequences of real numbers.

DEFINITION 1. Let a = (a1, a2,...,ay,) and b = (b, ba,...,b,) be two (finite)
sequences of real numbers. We say that the sequence a majorizes the sequence b
and we write

a>b or b<a,

if, after a possible renumeration, the terms of the sequences a and b satisfy the
following three conditions:

1°a; 2a2 2 Za,and by 2 by > -+ 2 by;

2°ay+as+---+ap =2by+by+---+ b, foreach bk, 1 <k <n—1;

3 ar+ar+--+a,=b+by+ -+ by

The first condition is obviously no restriction, since we can always rearrange
the sequence. The second condition is essential.

Clearly, a > a holds for an arbitrary sequence a.
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ExXAMPLE 1. (a) If a = (a;)}; is an arbitrary sequence of nonnegative num-
bers, having the sum equal to 1, then

11 1
1,0,...,0) = (a1, a9, ... an) = (—,—7...,—).
( )= (a1,a2,-- s an) = o .
(b) The sequences (4,4,1) and (5,2,2) are incomparable in the sense of the
relation >, i.e., non of the two majorizes the other one. A

The following inequality appears in literature connected with various names—
I. Schur [15], G. H. Hardy, J. I. Littlewood, G. Polya [3], H. Weyl [20], and J. Kara-
mata [8]. Following articles [5], [9] and [13], we shall call it Karamata’s inequality.

THEOREM 1. Let a = (a;)?_; and b = (b;), be (finite) sequences of real
numbers from an interval («, (). If the sequence a majorizes b, a = b, and if
f: (o, 8) = R is a convex function, then the inequality

> " flai) =D fbi)
i=1 i=1
holds.

First proof. In this proof we use Abel’s transformation [2].
Denote by ¢; the divided difference of the function f at the points a;, b;,
¢ = Ag(ai,b;) = 7]0(17;)2 — i‘(az).
Since the function f is convex, the condition 1°, by Lemma 1, implies that the
sequence (¢;) is decreasing.
Further, denote

k k
Ak:Zai7 Bk::zbiv (k::l,,n), AQZBOZ
i=1 i=1

The assumption 3° implies that A, = B,. Now, we have

D fla) = > F ) =D (fla) = f(b)) =D cila; — bi)
i=1 i=1 i=1 i=1
= Z ¢i(A; — A1 —B;+B_1) = Zci(Ai - B;) - Zci(z‘liq —Bi_1)
:Lz—ll n—1 - n—1 -
=Y ci(Ai = Bi) = Y cip1(Ai — B) =Y (ci —ciy1)(Ai — By).
i=1 i=0 i=1

As mentioned before, ¢; > ¢;41, and by assumption 2° it is A; > B; for i =
1,2,...,n — 1. Hence, the last sum, and so also the difference

> fla) = f(bi)
i=1 =1

is nonnegative, which was to be proved.
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Second proof. In this proof we use Stieltjes’ integral [9]. We shall need the
following lemma.

LEMMA 2. [16] Let 91,%4: [a, 3] — R be two integrable functions, such that
1 = s, in the sense that

/(j?ﬁldt}/:wgdt for x€la,B) and /ji/}1dt=/j¢2dt.

Further, let ¢: [a, 8] — R be an increasing (integrable) function. Then

3 s
/W/Jldx</ oo de.
o

[e%

Proof. Put () = 41 (x) — ¢2(x) and g(x) = [ ¢(t) dt. Then, by the hypoth-
esis, g(x) = 0 for z € [a, 5] and g(a) = g(8) = 0. Using integration by parts in the
Stieltjes integral, we get

B

15)
/ P(t)(t) dt = / () d(t) = p(t)g(t)

(o3

B

5]
- / o(t) de(t)

(03

B
- [ smacm <o

Proof of the Theorem. The given function f, being convex, is continuous and
it can be represented in the form f(x) = f;godt for an increasing function ¢.
Introduce functions A(z) and B(zx) by

A(z) = Zm{[a, x] N e, ai]}s B(x) = Zm{[a,x] N[, b},
i=1 i=1
where m.S denotes the measure of the set S. It is easy to see that
A(z) < B(x), A(a1) = B(ay)

and that A’(z) and B’(x) exist everywhere except in a finite set of points. Applying
Lemma 2, we conclude that

3) / " faAe) > / " dB@)

But,
[ raa@ =n [Tedrrm-n [ edrt ot [T o

= fla1) + f(a2) + -+ f(an),

and the similar relation holds for the integral on the right-hand side of (3). This
proves Karamata’s inequality. m
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NOTE 1. The condition that Karamata’s inequality holds for every convex
function f on («, 3) is not only necessary, but also sufficient for the relation a > b.
The proof can be found in [4] or [11].

NoTE 2. If the function f is strictly convex, it can be easily checked that the
equality in Karamata’s inequality is obtained if and only if the sequences (a;) and
(b;) coincide.

NoOTE 3. Jensen’s inequality [6] in the form

f(x1+x2+---+xn> o flx) + f(za) + -+ f(zn)
n = n

)

for a Jensen-convex function f, is obtained as a special case of Karamata’s inequal-

ity, by putting by = by = --- = b, = m. The general form of Jensen’s
n

inequality follows from the weighted form of Karamata’s inequality [2]:

D oAif(a) =Y Nif(bi)
i=1 i=1
k k
if \; € R and (a;) and (b;) satisfy condition 1° of Definition 1, 3 Nja; > 3 \ib;
n n i=1 =1
for k = 1,2,...,7’L—1 and Z )\iai = Z /\sz
i=1 i=1

Lemma 2 can also be used [9] in proving Steffensen’s inequality [17]:

COROLLARY 1. Let f,g:[0,a] = R, 0 < g(z) <1, f be decreasing on [0,al,
and let F(x) = [ fdt. Then

/Oafgdx<F</0agdx).

a . 1, z€l0,d,
Proof. If we denote ¢ = [ gdz, then 0 < ¢ < a. Let g(z) =

0, z€(cal’
Then, it is easy to check that § > ¢ (in the sense of Lemma 2), and so, applying
this Lemma, we obtain Steffensen’s inequality in the form

/chd;c:/oafgdx>/oafgdx. |

ExXAMPLE 2. [5] Prove that for arbitrary positive numbers a, b and ¢ the
inequality
1 n 1 . 1 < 1 n 1 n 1
a+b b+c c+a 2a 2b 2

holds.
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Solution. Suppose that the numbers a, b and ¢ are such that a > b > ¢, i.e., the
sequence (a, b, ¢) is decreasing (this can be done without loss of generality). Then
we have (2a,2b,2¢) = (a + b,b+ ¢,c+ a), and so, applying Karamata’s inequality
to the function f(x) = —, which is convex on the interval (0,4o00), we obtain the

desired inequality. A
EXAMPLE 3. [13] Prove that the inequality
cos(2x1 — x9) + cos(2xo — x3) + - - - + cos(2x, — x1) < cosxy + cosxo + -+ + cosS Ty

holds for arbitrary numbers 1, 2, ..., , from the interval [—7 /6, 7/6].

Solution. The numbers 2z; — z;11, @ = 1,2,...,n (Tpe1 = 1), as well as
the given numbers z;, belong to the interval [—7/2,7/2]. The function f(z) =
cos x is concave on this interval, and so the Karamata’s inequality holds with the
opposite sign. Thus, it is sufficient to prove that the sequences a = (221 — x2, 229 —
X3y...,2¢, —21) and b = (21,22, .., T,), when arranged to be decreasing, satisfy
the conditions of Theorem 1.

Let indices mq, ..., my and kq, ..., k, be chosen so that

{mi,....mp} ={k1,.... k. } ={1,...,n},

(4) 2T, — Tmy41 2 2Tmy — Tmatl 2 700 2 2Tm, — Tmy+1s
(5) Tky 2 Ty 2 2 T,y
Then

2Ty — Tmy41 2 2Tgy — Ty +1 2 Tp,y

(the first inequality holds because 2x,,, — T, +1 18, by the choice of the numbers
m;, the greatest of the numbers of the form 2z,,, — x,,+1; the second one follows
by the choice of the numbers k;). By similar reasons,

(2x’m1 - xm1+1) + (zxmz - xmz-i-l) =2 (21"?1 - xk1+1) + (2xk2 - $k2+1) Z Tk + Ty,

and, generally, the sum of the first [ terms of sequence (4) is not less than the
sum of the first [ terms of sequence (5), for l = 1,...,n — 1. For [ = 1, obviously,
the equality is obtained, and so all the conditions for applying the Karamata’s
inequality are fulfilled. A

The following inequality of M. Petrovié [14] comes close to these ideas (the
proof is taken from [10]).

THEOREM 2. Let f:[0,400) — R be a convez function, and (x;)"_, be a
sequence of positive numbers. Then the inequality

f@) +-+ flen) < fl@r 4+ 20) + (0 = 1)£(0)

holds.
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Proof. Denote s = > x; and \; = L Then
i=1 S

Z)\izland

i=1
zi=(1=X)-04+Ns, i=12...,n
The convexity of the function f implies that
fla) @ =N)f0)+Xif(s) i=1,....n,

and hence, summing up, we obtain

n

D f@) < (n—=1)f(0) + f(s). =

i=1
The following variations on Petrovié’s inequality are also proved in [10].

COROLLARY 2. (a) Let f: [a,b] — R be a convex function, 0 < a < b and let
(x:)7—1 be a sequence of positive numbers, such that x1 + -+ x, < b—a. Then
the inequality

Flat @)+ 4 fla+za) < flat o+ +a,) + (n—1)f(a)

holds.

(b) Let f:[0,b1] — R be a convex function, and by > by > bz = 0. Then the
following holds:

(6) f(b1 —ba +b3) < f(b1) — f(ba) + f(b3).

Proof. (a) Apply Petrovi¢’s inequality to the (convex) function ¢: [0,b —a] —
R, given by ¢(z) = f(a + x).
(b) In the inequality (a) put n =2, b1 =a+x1+x2,bo =a+z; and b3 =a. ®

An easy consequence is now an inequality of G. Szego [18].
COROLLARY 3. Let f:[0,b1] — R be a convex function and by > by > ... =
bont+1 = 0. Then the inequality
f(br —ba 4+ bany1) < f(b1) — f(b2) + -+ + f(ban+1)
holds.

Proof. For n = 1, the inequality reduces to (6). Assuming that it holds for
n — 1, where n > 1, let us prove that it holds also for n.

Note that o' = by — by + -+ bop—1 = bop—1 = boy, = b2n+1. Thus, using (6),
we obtain that

FO = bon 4 bani1) < f(V) = f(ban) + f(b2ns1)

< f
< f(b1) = f(b2) + -+ flban—1) — f(b2n) + f(b2ny1). ®
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3. Inequalities of Schur and Muirhead

DEFINITION 2. Let F(z1,z2,...,2,) be a function in n nonnegative
real variables. Define Z! F(z1,29,...,2,) as the sum of n! summands, obtained
from the expression F'(x1,xa,...,x,) as all possible permutations of the sequence
z = ()i

Particularly, if for some sequence of nonnegative exponents a = (a;),, the
function F is of the form F(zy,22,...,2n) = ' - 25> - ... - 2% then, instead of
Z! F(x1,22,...,Ty,), we shall write also

Tlay,ag,...,an](x1,22, ..., Tn),
or just T[ay,as,...,ay] if it is clear which sequence z is used.
EXAMPLE 4. T[1,0,...,0] = (n—1)! (z1+ @24+ -+axy), and T[L, L 1] =

nl- \/x1xs - - x,. Using this terminology, the Arithmetic-Geometric Mean Inequal-
ity can be written as

Let us prove now Schur’s inequality.

THEOREM 3. The inequality
Tla+2b,0,0] + T[a,b,b] > 2T[a+ b,b,0]

holds for arbitrary positive numbers a and b.

The previous inequality means that
T[(l + 2b7 0, 0] (LC, Y, Z) + T[av b7 b] (x’ Y, Z) > 2T[a + b, bv 0] (x’ Y, Z)
holds for an arbitrary sequence (z,y, z) of positive numbers.

Proof. Let (z,y,z) be a sequence of positive numbers. Using elementary
transformations, we obtain

1 1
5Tl +26,0,0] 4 STla.b,b] = Tla +b,b,0)

= 22" — ") (2" = 2°) + iy — 2"y - 2°) + 20 (2" - 2) (2" — o).
Assume, without loss of generality, that z > y > z. Then only the second summand
in the last expression is negative. It is sufficient to prove that
a2 — y?) (b — 2) +y(y® — 2" (P - 2P) >0,
ie., (2% — y®)(2%(x — 2%) — y2(y® — 2%)) = 0. The last inequality is equivalent to
paTh — gyt b (e — gy > O However,
xa+b - yaer o Zb( —y ) a+b o ya+b o yb(xa o ya) _ xa(xb o yb) > O,
which proves the theorem. m
COROLLARY 4. If z, y and z are nonnegative real numbers, and r > 0, then
the inequality
-yl —2)+y (y-2)y—2)+2"(z-2)(z-y) 20
holds.
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Proof. Transforming, the given inequality can be written as
Tlr+2,0,0]+T[r,1,1] =2 2T[r + 1,1,0]
which is a special case of Schur’s inequality fora=r,b=1.m

EXAMPLE 5. Putting a = b = 1 in Schur’s inequality (or » = 1 in Corollary 4),
we obtain

x3+y3+23+3xyz = x2y+xy2 +yzz+yz2+zzx+zx2. A

For arbitrary sequences a and b, T'[a] may be incomparable with T'[b], in the
sense that it is not true that either T[a](z) < T'[b](z) or T[a](z) > T[b](z) holds for
arbitrary values of the variable sequence x = (x;). It appears that a necessary and
sufficient condition for these two expressions to be comparable is the condition that
one of the sequences a and b majorizes the other one. More precisely, the following
Muirhead’s theorem [12] holds.

THEOREM 4. The expression T[a] is comparable with the expression T[b] for
all positive sequences x, if and only if one of the sequences a and b majorizes the
other one in the sense of relation <. If a < b then

T[] < T[b).

The equality holds if and only if the sequences a and b are identical, or all the z;’s
are equal.

Proof. We prove the necessity of the condition first. Taking the sequence z to
be constant, with all the terms equal to ¢, we obtain that

e L b

This can hold for arbitrary large, as well as for arbitrary small values of ¢, only
if the condition 3° of Definition 1 is satisfied. Put now z; = --- = z, = ¢ and
ZTgt1 = -+ = x, = 1. Comparing the highest powers of ¢ in the expressions T'[a]
and T'[b], and taking into account that T'[a] < T'[b] has to be valid for ¢ arbitrary
large, we conclude that a; +---+ar < by +---+ b, 1 <k <n.

Let us prove now the sufficiency of the condition. The assertion will be a
consequence of the following two lemmas. But first, let us define a linear operation
L which can be applied to sequences b of exponents.

Let b, and b; be two distinct terms of the sequence b, such that by > b;. We
can write

bp=p+T1, bi=p—7 (0<71<p).
Now, if 0 < ¢ < 7 < p, define the sequence a = L(b) as follows
T+Oo T—0
ar =p+o= by + by,
2T 2T
-0 T+o
—p—0= b b
a=p—0 oy K+ o7 b

a, =b,, (W#£kuv#l).
The given definition does not require that either of the two sequences b and a be
decreasing.
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LEMMA 3. If a = L(b), then T[a] < T[b], while the equality holds only if the
sequence x 1S constant.

Proof. We can rearrange the sequence so that k =1 and [ = 2. Then
!
T = Tla] =) a5 ---alr (af 72" +af T2 — 2l Twh ™ — 2" 7af™)
!
=3 (wrw)? el (@] — a3 )] a5 2 0,
The equality holds only if all the x;’s are equal to each other. m

LeEmMMA 4. If a < b, but a differs from b, then a can be obtained from b
applying the transformation L finitely many times.

Proof. Denote by m the number of differences b, — a,, which are not equal to
zero. m is an integer, and we shall prove that we can apply the transformation L
in such a way, that after each application the number m strictly decreases (which
means that the procedure will stop after finitely many steps). Since > (b, —a,) =0,
and not all of the differences are equal to zero, both positive and negative differences
exist, but the first of them is positive. We can choose k and [ in such a way that

ag < bk, apy1=bry1, ..., a_1=b_1, a >

hold (b; — a; is the first among the negative differences, and by — a, is the last
among the positive differences preceding it). Let by = p+ 7 and b; = p — 7 and
define o by

o = max{|ax — pl,a; — p[}.

At least one of the following two equalities holds:
am—p=-0, ax—p=o,
since ax > a;. It is also o < 7, since ay < by and a; > b;. Let
cr=p+o, cq=p—o, ¢ =b, (W#kv#I).

We shall consider now the sequence ¢ = (¢;) instead of the sequence b. The number
m has decreased at least by 1. It can be easily checked that the sequence c is
decreasing and that it majorizes a.

Applying this procedure several times, the sequence a can be obtained, which
proves Lemma 4, and so also the theorem as a whole. m

EXAMPLE 6. The Arithmetic-Geometric Mean Inequality is now a trivial con-
sequence of Muirhead’s inequality (see Example 4). A

ExaMPLE 7. (Yugoslav Federal Competition 1991) Prove that

1 1 1 1
< —
a3+b3+abc+b3+c3+abc+c3+a3+abc abe

holds for arbitrary positive numbers a, b and c.
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Solution. Multiplying both sides of the inequality by
abe(a® 4+ b® + abe) (b2 + ¢ 4 abe)(¢ + a® + abe),

we obtain that the given inequality is equivalent to
3 1 1
§T[4,4, 1]+ 27T5,2,2] + §T[7, 1,1] + §T[3,3,3] <
1 3 1
< §T[3, 3,3]+T16,3,0] + §T[4,47 1] + §T[7, 1,1+ T[5,2,2]

which holds, since from Muirhead’s theorem it follows that T'[5,2,2] < T'[6, 3,0]. A

ExXAMPLE 8. (International Mathematical Olympiad 1995) Let a,b and ¢ be
positive real numbers such that abc = 1. Prove that
1 n 1 n 1 <

ad(b+c)  b(ct+a) Bla+b)” 2

w

Solution. In order to apply Muirehead’s theorem, the expressions have to be
homogeneous. So, divide the right-hand side by (abc)*/® = 1 and multiply both
sides by a®b3c3(a+b)(b+c)(c+a)(abc)*/3. The inequality becomes equivalent with

16 13 7 16 16 4 13 13 10
SR A

2T[§7§7§ 333 FRERE]

] > 3T[5,4,3] + T[4,4, 4].
The last inequality can be obtained by summing up the following three inequalities
which follow directly from Muirhead’s theorem:
16 13 7]
2T | —, —, = | = 2T15,4,3],
[ 37373 | ]

T [— =2 =T}5,4,3],

T[— =2 | > T[4,4,4].

Equality holds if and only if a =b=c=1. A

4. Problems

1. (Yugoslav International Selection Test 1969) Real numbers a;, b; (i = 1,2,...,n)
are given, such that

Prove that by +by 4+ ---+b, > a1 +as+ -+ an,.
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Hint. Apply the following variant of Karamata’s inequality [19] to the function
flz) =e".
Let (a;)?q and (b;)_; be two sequences of real numbers satisfying:

1°a1 2a2 22 ap, by 2by =2 2bp;
k k
2° > a; = > b; forallk € {1,2,...,n}.
i=1 i=1
If f: R — R is an increasing convex function, then the inequality

> flai) =D f(bi)
i=1 =1

holds.
2. [13] Prove that the inequality
3 3 3
a a a
L+ 24+ >af+as+-+al
as as a1
holds for arbitrary positive numbers a1, as, ... , .
Hint. Similarly as in Example 3, applying Theorem 1 to the convex function
f(x) = €e*, prove that the inequality
e3x17932 4 63m27w3 N €3zn7w1 > e2x1 4 62:r2 N 62:vn

holds, and substitute z; =loga;, i =1,...,n.

3. Prove that the inequality
(a+b—c)(b+c—a)(c+a—>b) <abc

holds for arbitrary positive numbers a, b, c.
Hint. Apply Corollary 4 of Schur’s inequality 773,0,0] +T'[1,1,1] > 272, 1,0]
or Karamata’s inequality to the concave function f(z) = logzx.
4. Let a,b, c be positive numbers such that abc = 1. Prove that
1 1 1
a+b+1 + b+c+1 +c+a—&-1 S

Hint. Using the condition abc = 1, the given inequality can be written in a
homogeneous form
1 1 1 1
- + < :
a+b+ (abc)t/3 " b+ c+ (abe)/3  c+a+ (abe)/3 T (abc)l/3

Substituting @ = 23, b = y3, z = ¢3, it becomes the inequality from Example 7.

5. If a, b and c are positive real numbers, prove that the inequality

a® b3 c? ab + be + ca
+ + =
b2 —bc+c2 c2—ca+a? a?—ab+b? a+b+ec
holds.



Inequalities of Karamata, Schur and Muirhead, and some applications 43

Hint. Combine the following four consequences of Muirhead’s inequality:

1. T719,2,0] > T[7,4,0], 2. T[10,1,0] > T7,4,0],
3. TI6,5,0] > T[6,4,1], 4. TI[6,3,2] > T[4,4,3],
>

with the consequence T'[4,2,2] + T'[8,0,0]
can be, multiplying by abc written as

5. T[5,3,3] + T[9,1,1] > 2T[7,3,1].

2T[6,2, 0] of Schur’s inequality, which

6. (Shortlisted problem for IMO’98) Let a,b, ¢ be positive numbers such that
abc = 1. Prove that

a’® % e 3
T40)(i+t0 " Ttol+ta (raity 1

7. (International Mathematical Olympiad 1984) Let z, y and z be nonnegative
real numbers satisfying the equality z + y + z = 1. Prove the inequality

7
O<xy+yz+zx—2xyz<2—7.

Hint. The inequality on left-hand side is easy to prove. The right-hand one is
equivalent to
127(2,1,0] < 77T[3,0,0] + 571, 1,1].

This inequality is true since it can be obtained by summing up the inequalities
2T2,1,0] < 27T7[3,0,0] and 1072, 1,0] < 5T3,0,0]+5T'[1, 1, 1] (the first one follows
from Muirhead’s theorem, and the second one is Schur’s inequality for a = b =1).

8. (International Mathematical Olympiad 1999) Let n be a fixed integer, n > 2.

(a) Determine the minimal constant C' such that the inequality

4
Z xlacj(xf + x?) < C( Z xz)
1<i<n

1<i<j<n
is valid for all real numbers z1, zo, ..., x, = 0.
(b) For the constant C found in (a) determine when the equality is obtained.

Solution. As far as the given inequality is homogeneous, we can assume that
r1 + 22+ -+ x, = 1. In this case the inequality can be written as

w31 —x) +as(l—ao) +---+ 23 (1 —2,) <C.

The function f(x) = 23(1 — ) is increasing and convex on the segment [0,1/2]. Let
x1 be the greatest of the given numbers. Then the numbers x5, x3, ... , £, are not
greater than 1/2. If 1 € [0,1/2] as well, then from (z1,z2,...,2,) < (3,3,0,...)
using Theorem 1, we obtain that

1 1

F@) + flaz) -+ ) < £(5) f(%) +(n=2)f0)= .
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If, to the contrary, z; > 1/2, then it is 1 — 27 < 1/2 and we have that
(x2,23,...,25) < (1 —21,0,...,0). Applying Karamata’s inequality once more,
we obtain that

f@) + f(@2) -+ f@n) < flz1) + (1 —21) + (n = 2)f(0) = fz1) + f(1 = 21).
(Alternatively, in this case Petrovié¢’s inequality can be applied to obtain the same
result.) It is easy to prove that the function g(z) = f(x) + f(1 — x) has the
maximum on the segment [0,1] equal to g(1/2) = 1/8. Thus, in this case also,
flxy) + fz2) + -+ f(z,) < 1/8 follows.

Equality holds, e.g., for 21 = 29 = 1/2, which proves that C' = 1/8.

9. (International Mathematical Olympiad 2000) Let x, y, z be positive real num-
bers, such that xyz = 1. Prove that

1 1 1
e Y (e ) (10 ) <
Y z T

Solution. The condition zyz = 1 implies that the numbers x, y and z can be

a c
written in the form z = 7 y = - and z = — for some a,b,c > 0. Using the new

¢ a
variables, the given inequality reduces to our Problem 3.
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